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Abstract
The operator solution of the anomalous chiral Schwinger model is dis-
cussed on the basis of the general principles of Wightman field theory. Some
basic structural properties of the model are analyzed taking a careful con-
trol on the Hilbert space associated with the Wightman functions. The iso-
morphism between gauge noninvariant and gauge invariant descriptions of
the anomalous theory is established in terms of the corresponding field alge-
bras. We show that (i) the Θ-vacuum representation and (ii) the suggested
equivalence of vector Schwinger model and chiral Schwinger model cannot be
established in terms of the intrinsic field algebra.
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I. INTRODUCTION
The chiral Schwinger model (CSM) [1] has been intensively studied [2] since it provides
a very instructive theoretical laboratory for studying the possibility of constructing a con-
sistent quantum gauge theory exhibiting anomalous breaking of a local gauge symmetry.
Following the proposal of Faddeev and Satashvili [3], in a quantum theory where gauge
invariance is spoiled by anomalies, gauge invariance can be restored with the introduction
of ad hoc extra degrees of freedom into the theory by adding to the original Lagrangian a
Wess-Zumino (WZ) term [4].
However, several authors [5-6] realized that the WZ term does not need to be introduced
ad hoc in order to naturally embed an anomalous theory into a gauge theory. Using the
path integral formalism and the Faddeev-Popov prescription, the WZ action emerges as
being related to the Jacobian of the change in the fermionic measure due to a chiral gauge
transformation. From the operator point of view the gauge invariant (GI) formulation is
obtained by performing an operator-valued gauge transformation on the gauge noninvariant
(GNI) formulation [7].
Using the path-integral formalism and the Hamiltonian formulation, it was shown in
Ref.[6] that anomalous chiral gauge theories exhibit a peculiar feature which allows two iso-
morphic formulations: the GNI and the GI formulations. From the path-integral point of
view, the isomorphism is established between the Wightman functions that are representa-
tions of the local field algebra generated from the intrinsic irreducible set of field operators
defining the GNI formulation, and the corresponding Wightman functions of the gauge
transformed field operators defining the GI formulation of the model. Using the Hamilto-
nian formalism it was shown that for the GI formulation of the CSM one can construct a
set of gauge invariant operators whose equal-time commutator algebra is isomorphic to the
equal-time commutator algebra of the phase space variables of the GNI formulation of the
model. This implies that the constraints and the canonical Hamiltonian of GI description
map into the corresponding quantities of the GNI one. As was stressed in Ref. [6], the
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isomorphism between the two formulations means that the GNI formulation describes the
gauge invariant sector of the enlarged GI formulation.
However, in spite of the existence of a sizable number of works on this subject, some
questions related with basic structural properties of the anomalous chiral model have not
been fully appreciated and clarified in the preceding literature, such as : (i) the implemen-
tation at the operator level of the isomorphism between the GNI and GI formulations of
the CSM, as proposed in Ref.[6] in the path-integral and Hamiltonian formalisms; (ii) the
need for a Θ-vacuum parametrization in the model, as claimed in Ref.[9] and (iii) the equiv-
alence of the vector Schwinger model (VSM) and the GI formulation of CSM defined for the
regularization dependent parameter a = 2 as suggested in Refs.[9,10]. It is the purpose of
this paper to discuss the fine mathematical aspects of these questions, as well as, to acquire
a more detailed understanding of the physical grounds of the gauge invariance implied by
the addition of the WZ piece into the anomalous theory.
We shall discuss the operator solution of the anomalous CSM on the basis of the general
principles of Wightman field theory. The guideline of our approach of the anomalous theory
will be inspired in the rigorous treatment given in Ref.[11] for the VSM. In this approach
we only use the field algebra generated from the intrinsic irreducible set of field operators
of the theory [16] in order to exert a careful control on the Hilbert space associated with
the Wightman functions that define the theory. As we shall see, by relaxing this rigorous
control on the construction of the Hilbert space of the anomalous theory some misleading
conclusions can arise, as for example the existence of an infinite number of states which are
degenerated in energy with the vacuum state [9] and the equivalence of CSM and VSM,
as proposed in Refs. [9,10]. In order to make clear that the above conclusions rest on the
incorrect choice of the observables representing the fermionic content of the model, we shall
adopt the same bosonization scheme employed in Ref.[9].
Using the standard Mandelstam bosonization scheme the CSM is considered in Ref.[12].
The operator solution used introduces a minimal Bose field algebra (minimal bosonization
scheme) such that no spurious degrees of freedom appears, and the Maxwell equation dis-
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playing the dynamical breakdown of gauge invariance holds in the strong form and is satisfied
as an operator identity.
In Refs.[8,9] the vector and chiral Schwinger models are considered through a quantiza-
tion procedure that takes into account the fact that the corresponding bosonized Lagrangian
densities contain higher derivative terms and derivative interactions. This bosonization
scheme for higher-derivative field theories (enlarged bosonization scheme) introduces degrees
of freedom quantized with negative metric that generate spurious operators. This approach
resembles the local gauge formulation of quantum field theory in which we have locality at
the expense of weakening the local Gauss’ law. The Gauss’ law is modified by the intro-
duction of a longitudinal current and the Hilbert space realization of the theory contains
unphysical states. In the vector case the solution obtained in Refs.[8,9] coincides with the
Lowenstein-Swieca solution [13]. Nevertheless, due to the absence of gauge invariance, in the
anomalous CSM the additional gauge degree of freedom is not eliminated and the solution
exhibits an enlarged Bose field algebra that contains redundant spurious operators. In spite
of the existence of redundant degrees of freedom in the solution given in Refs.[8,9], by taking
into account the Hilbert space that is the representation of the Wightman functions defining
the model, we show that the physical content of the solutions given in Refs.[8,9] and by
the minimal bosonization scheme used in Ref.[12] is the same, since they are related by a
superfluous spurious phase operator. Since in the CSM the cluster decomposition property
is not violated for Wightman functions that are representations of the intrinsic field algebra
that defines the model1, the Θ-vacuum parametrization suggested by the authors of Ref.[9]
becomes completely unnecessary. Of course, the suggested equivalence of the CSM defined
for a = 2 and the VSM cannot be established if we consider the Hilbert space in which the
intrinsic field algebra of the model is represented. The equivalence proposed in Ref.[9] is a
consequence of an incorrect decomposition of the closure of the Hilbert space that implies
1 In agreement with the results of Refs.[8,12].
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the choice of a field operator that does not belong to the intrinsic local field algebra to
represent the fermionic content of the model. Within the approach based on the intrinsic
field algebra, the existence of Θ-vacuum and the equivalence with the VSM suggested in
Refs.[9,10] cannot be regarded as being structural properties of the CSM since they are
dependent on the use of a redundant algebra, rather than on the field algebra which defines
the model.
The paper is organized as follows. In section 2 the GNI formulation of the model is dis-
cussed and we show that the cluster decomposition property is not violated for the Wightman
functions that are representations of the field algebra generated from the irreducible set of
field operators defining the model. The case a = 2 is considered and we show that the
factorization of the completion of states performed in Refs.[9,10] leads to some improper
conclusions about basic structural properties of the model. In section 3 we consider the GI
formulation of the model and the isomorphism between the intrinsic operator field algebra
defining the GI formulation and the intrinsic field algebra defining the GNI formulation
is established. The role played by the WZ field in the implementability of extended local
gauge transformations is also discussed.
II. GAUGE NONINVARIANT FORMULATION
The CSM is a two-dimensional field theory defined from the classical Jackiw-Rajaraman
(JR) Lagrangian density 2 [1]
L
JR
= − 1
4
(Fµν ) 2 + i ψ¯ ∂µ γµ ψ − gAµ ψ¯ γµ P+ ψ . (2.1)
2 The conventions used are: ψ = (ψ
ℓ
, ψr)
T , ǫ 0 1 = g 0 0 = − g 1 1 = 1 , ∂˜ µ ≡ ǫµν ∂ν ,
γ 5 = − γ 0γ 1 , γ µγ 5 = ǫµν γν ,
γ 0 =

 0 1
1 0

 , γ 1 =

 0 1
−1 0

 , γ 5 =

 1 0
0 −1

 .
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Here Fµν denotes, as usual, the field-strength tensor and P+ = (1 + γ5) projects out the
left-moving fermion. The classical Lagrangian density (2.1) exhibits invariance under the
local gauge transformation
ψ −→ e i P+ Λ(x) ψ , (2.2a)
Aµ −→ Aµ + 1
g
∂µ Λ(x) . (2.2b)
At the quantum level the chiral anomaly spoils the gauge invariance and the model is
described by the gauge noninvariant effective Lagrangian [7],
L
GNI
= − 1
4
(Fµν ) 2 + i ψ¯ ∂µ γµ ψ + g√
π
K µ
ℓ
Aµ + ag
2
2π
(Aµ) 2 , (2.3)
where a is the JR parameter that characterizes the ambiguity in the quantization of the
model and K µ
ℓ
is the left-current defined by the point-splitting regularization, independent
of the JR parameter [7]
K µ
ℓ
= 2
√
π lim
ε→0
[
ψ¯(x+ε) γµ P+ ψ(x)− V.E.V.
] [
1 + ie
√
π P+ ( gµν − ǫµν ) εµAν(x)
]
. (2.4)
The bosonized effective GNI Lagrangian density is [1]
L
GNI
= − 1
4
(Fµν ) 2 + 1
2
(∂ µφ) 2 +
g√
π
(∂ µφ + ∂˜ µφ)Aµ + ag
2
2π
(Aµ) 2 , (2.5)
and the resulting equations of motion are
✷φ +
g√
π
( ∂ν + ∂˜ν )Aν = 0 , (2.6a)
∂µ F µν = J ν = − g√
π
( ∂ ν + ∂˜ ν )φ − a g
2
π
A ν . (2.6b)
Introducing a local gauge decomposition for the gauge field
Aµ = ∂˜ µ χ + ∂ µ λ , (2.7)
the field-strength tensor is given by
F µν = − ǫµ ν ✷χ . (2.8)
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The Maxwell Lagrangian can be written as
L
M
= − 1
4
(F µν) 2 = 1
2
✷χ✷χ , (2.9)
and the bosonized Lagrangian density (2.5) can be treated as a higher-derivative field theory
[8,9,14].
For our purposes it is therefore convenient to start with the enlarged bosonization scheme
used in Refs.[8,9,14] and introduce the field transformations (a 6= 1) 3
φ = φ ′ +
g√
π
(
χ − λ
)
, (2.10a)
χ
1
=
1
ma
✷χ , (2.10b)
χ
2
=
1
ma
(✷ + m 2a )χ , (2.10c)
λ = λ′ − 1
a− 1 χ , (2.10d)
with ma = g a /
√
π (a − 1 ). The Lagrangian density (2.5) of the GNI formulation is then
reduced to a local one 4 [8,9]
L
GNI
=
1
2
( ∂µ φ
′ ) 2 − 1
2
( ∂µ χ2 )
2 +
g 2
2π
(a − 1) ( ∂µ λ ′ ) 2 + 1
2
( ∂µ χ1 )
2 − 1
2
m 2a χ
2
1
. (2.11)
The field χ2 is a free and massless field quantized with negative metric, and λ
′ is a non-
canonical free massless field. In the VSM the gauge invariance ensures that the field λ′ is
a pure gauge excitation and does not appears in the bosonized Lagrangian density [8,14].
However, in the anomalous chiral model the additional degree of freedom λ′ is a dynamical
field and, as we shall see, its presence ensures the existence of fermions in the asymptotic
states, implying that the screening and confinement aspects exhibited by the CSM differ
3 For the benefit of the reader we shall use the same notation adopted in Refs.[8,9,14].
4 As stressed in Ref.[8], these higher-derivative field theory transformations are consistent with
the Dirac brackets of the constrained theory obtained in Refs.[18].
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from those of the VSM 5. This behavior occurs for all values of the regularization dependent
parameter a > 1.
Let us consider the equation of motion (2.6b). In terms of the new fields (2.10), we can
rewrite the vector current as
Jµ = ma ∂˜
µ χ1 + L
µ , (2.12)
where Lµ is a longitudinal current (✷Lµ = 0) given in terms of derivatives of the massless
fields by
Lµ = − g√
π
{
( ∂ µ + ∂˜ µ )φ ′ +
a√
a − 1 ∂˜
µ χ2 +
g√
π
[
(a− 1)∂ µλ′ − ∂˜ µλ′
] }
. (2.13)
The first term in Eq.(2.13) represents the free left-moving Fermion current jµ
ℓ
. The negative
metric quantization of the field χ2 ensures that
[Lµ(x) , L ν(y) ] = 0 , ∀ x, y , (2.14)
and Lµ generates, from the vacuum, zero norm states
〈L∗µ Lν 〉o ≡ 〈LµΨo , LνΨo 〉 = 0 , (2.15)
where Ψo is the vacuum vector.
For further convenience we introduce the dual field [8,9]
φ˜ = φ˜′ − g√
π
(χ− λ) , (2.16)
which enables the enlargement of the algebra of the Bose fields by the introduction of two
independent right and left mover fields
φ
r
=
1
2
(φ+ φ˜) = φ ′
r
, (2.17a)
φ
ℓ
=
1
2
(φ− φ˜) = φ ′
ℓ
+
1√
a− 1 (χ2 − χ1) −
g√
π
λ′ , (2.17b)
5 As we shall see the non-trivial anomalous nature of the field λ′ ensures the dynamics for the
WZ field.
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L
r
=
1
2
(L+ L˜) =
g√
π
a λ ′
r
− a√
a− 1 χ2r , (2.17c)
L
ℓ
=
1
2
(L− L˜) = 2φ ′
ℓ
+
g√
π
(a− 2) λ′
ℓ
+
a√
a− 1 χ2ℓ , (2.17d)
where L is the potential for the longitudinal current (2.13)
Lµ = − g√
π
∂ µL = εµνL 5µ =
g√
π
∂˜ µL˜ . (2.18)
The operator solution of the equations of motion is constructed from the set of Bose
fields {χ1, χ2 , φ′, λ′}, the so-called “building blocks” [11], and is given by
Aµ(x) =
√
π
ga
√
a− 1
{
(a−1)∂˜ µ (χ2(x)−χ1(x) )− ∂ µ (χ2(x)−χ1(x) )
}
+ ∂ µλ′(x) , (2.19a)
ψ0
r
(x) =
(µo
2π
)1/2
: e 2i
√
π φr (x) : =
(µo
2π
)1/2
: e 2i
√
π φ′
r
(x) : , (2.19b)
ψ
ℓ
(x) =
(µo
2π
)1/2
: e 2i
√
π φ
ℓ
(x) : = : e−2i
√
π / (a−1)χ1 (x) : ψ 0
ℓ
(x) Γ(x) , (2.19c)
where µo is an arbitrary finite mass scale, ψ
0
ℓ
(x) is the free left-moving Fermi field given by
ψ 0
ℓ
(x) =
( µo
2π
) 1/2
: e 2i
√
π φ′
ℓ
(x) : , (2.20)
and
Γ(x) = : e
2i
√
π ( 1√
a−1 χ 2(x)−
g√
π
λ′(x) )
: . (2.21)
The Wick exponential : exp iΦ : has to be understood as a formal series of Wick-ordered
powers of the field Φ at the exponent6 [17].
The so-obtained fermionic fields (2.19b-c) satisfy abnormal commutation relations. The
Fermi field operators with correct anticommutation relations can be obtained from the orig-
inal set by a Klein transformation [16]. In what follows we shall suppress the Klein factors,
since they are not needed for our present purposes.
6The problem for defining the Wick exponential of massless scalar fields in two dimensions is
that the corresponding Wightman functions do not satisfy positivity unless some selection rule is
introduced [19]. In Ref.[17] the definition of the Wick exponential of the massless scalar field in
two dimensions as an operator-valued distribution is discussed in the Krein space realization of the
field.
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A. Intrinsic Local Field Algebra
The procedure which we shall adopt to display the basic structural properties of the
model and obtain a consistent prescription to identify correctly its physical content, is to
embed the mathematical structures of the bosonization scheme into the context of the general
principles of Wightman field theory. In this way the states that are admissible on the Hilbert
space H are selected according to some appropriate criteria and the physical interpretation
of the theory is based on the Wightman functions representing the intrinsic local field algebra
which describes the degrees of freedom of the model.
Within a precise mathematical point of view, a relativistic Quantum Field Theory is
formulated in terms of fields as local operator-valued tempered distributions. Due to the
singular character of the fields at a point, only space-time averages of fields have physical
meaning, in general. In this way, in a Quantum Field Theory the role of the algebra of the
canonical variables is played by the field algebra generated by polynomials of the smeared
fields Φi(f),
Φi(f) =
∫
Φi(x) f(x) d
nx
with f(x) a smooth and fast decreasing regular test function.
A local field algebra ℑ satisfies the algebraic constraint given by locality,
[ Φ(f) , Φ(h) ] = 0
if supp f is space-like relative to supp h. This property expresses the fact that fields aver-
ages belonging to space-like separated regions are simultaneously diagonalizable operators.
Therefore, a local Quantum Field Theory is specified by a representation of the algebra
ℑ generated by the polynomials of the smoothed local fields Φ(f) satisfying the locality
condition.
Given a QFT with a set of local fields {Φ}. The set of fields {Φ} provides a complete
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description of the system if for every space-like slab S 7, the set of vectors ℘ (Φ(f))Ψo spans
the Hilbert space H. Here ℘ is an arbitrary polynomial in the Φ(f), f having supports in
S. Equivalently, the set of fields {Φ} provides a complete description of the system if for
every space-like slab S, the sets {Φ(f)}, f with supp. in S, are irreducible 8.
The operator solution of the equations of motion defining the GNI formulation of the
CSM is given in terms of the irreducible set of field operators {ψ¯, ψ,Aµ} [11,16]. These
field operators constitute the intrinsic mathematical description of the model and serve as
a kind of building material in terms of which the GNI version of the model is formulated
and whose Wightman functions define the model. Every operator of the theory is a function
of the intrinsic set of field operators {ψ¯, ψ,Aµ} which defines a polynomial algebra ℑ
GNI
,
that is, the local field algebra ℑ
GNI
intrinsic to the GNI formulation is generated from the
irreducible set of field operators {ψ¯, ψ,Aµ}, through polynomials of these smeared fields,
Wick ordering, point-splitting regularization of polynomials, etc. The Wightman functions
generated from the intrinsic field algebra ℑ
GNI
identifies a vector space Do ≡ ℑ
GNI
Ψo of
local states: the field algebra ℑ
GNI
is represented in the Hilbert space H
GNI
.
= ℑ
GNI
Ψo of
the GNI formulation.
Within the bosonization scheme, the operator solution is constructed in terms of Wick
exponentials and derivatives of scalar fields in two dimensions. The introduction of the set
7A space-like slab in space-time is defined as the open set between two parallel space-like planes.
8The set of fields {Φ(f)} is irreducible if every bounded operator which has the properties,
OD ⊂ D ,
where D is the common dense domain of the set {Φ(f)}, and
Φ(f)O = OΦ(f) ,
is a constant multiple of the identity.
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of Bose fields {φ′, χ2 , λ′, χ1} defines an enlarged redundant field algebra ℑB
GNI
which is rep-
resented on the Hilbert space HB
GNI
.
= ℑB
GNI
Ψo, which provides a Fock-Krein representation
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of the algebra ℑB
GNI
[11]. The Bose fields {φ′, χ2, λ′, χ1} are the building blocks in terms of
which the operator solution is constructed and should not be considered as elements of the
field algebra intrinsic to the model. Only some combinations of them belong to the intrinsic
algebra ℑ
GNI
.
The field algebra ℑ
GNI
is a proper subalgebra of ℑB
GNI
and is recovered from a particular
set of operators constructed from linear combinations and Wick ordered exponentials of
linear combinations of Bose fields. Not all Bose fields belong to the algebra ℑ
GNI
of the
local fields, nor all vectors of HB
GNI
belong to the state space H
GNI
of the GNI formulation
of the model. In this way, the set of local states DBo ≡ ℑB
GNI
Ψo, corresponding to the largely
redundant field algebra ℑB
GNI
, contains elements which are not intrinsic to the model. Of
course, the Hilbert space H
GNI
is a proper subspace of HB
GNI
.
Due to the presence of the longitudinal current Lµ in Eq.(2.12), the Gauss’ law holds
in a weak form and is satisfied on the physical subspace Hphys
GNI
defined by the subsidiary
condition L ν ≈ 0, that is
〈Φ , ( J ν(x) − ∂µ F µν(x) ) Ψ 〉 = 〈Φ , L ν(x) Ψ 〉 = 0 , ∀Φ , Ψ ∈ Hphys
GNI
. (2.22)
The algebra of the physical operators ℑphys
GNI
must be identified as the subalgebra of ℑ
GNI
which obeys the subsidiary condition in a proper Hilbert space completion of the local states.
9A careful and rigorous treatment of the massless scalar field in two dimensions requires the
construction of a Krein space in which the set of fields {ϕ} ≡ {φ′, χ2 , λ′} is realized as a local
operator-valued tempered distribution with dense domain Do ≡℘(ϕ)Ψo, where ℘(ϕ) is the polyno-
mial algebra generated by the smoothed set of fields {ϕ(f)} [17]. In order to associate a Hilbert
space of states to the Wightman functions we can follow along the same lines as those of Ref.[11],
and find a Krein topology which majorizes the Wightman functions of ℑ
GNI
and defines a maximal
Hilbert space structure.
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However, it is a peculiarity of the anomalous chiral model that the algebra ℑphys
GNI
≡ ℑ
GNI
, since
all operators belonging to the intrinsic local field algebra ℑ
GNI
commute with the longitudinal
current,
[O , Lµ ] = 0 , ∀O ∈ ℑ
GNI
. (2.23)
This is expected in the anomalous case since the theory has lost the local gauge invariance.
Then the local field algebra ℑ
GNI
is a singlet under local gauge transformations and is
represented in the state space Hphys
GNI
≡ H
GNI
of the GNI formulation 10.
The intrinsic irreducible set of fields {ψ¯, ψ,Aµ}, in terms of which the GNI formulation
is defined has been written in terms of the building blocks {χ1 , χ2 , φ′, λ′} by Eqs.(2.19).
From this set of intrinsic fields we construct all operators belonging to the algebra ℑ
GNI
, as
for example the vector current
J µ =
1
ma
∂˜ µχ1 + L
µ , (2.24)
and the field-strength tensor
F µν = ma εµνχ1 . (2.25)
Since the field χ1 belongs to ℑGNI , i.e.,
χ
1
=
1
2ma
εµνFµν ∈ ℑ
GNI
, (2.26)
then, besides the longitudinal current, the Wick exponential : exp {2i
√
π/(a− 1)χ1 } :∈
ℑ
GNI
[11,17]. Therefore the operator
W
.
= : exp { 2i
√
π
a− 1 χ1 }ψℓ : = ψ
0
ℓ
Γ , (2.27)
10 This does not occur in the VSM, in which neither ψ nor Aµ are singlet under local gauge
transformations since they do not commute with the constraints. In this genuine gauge theory we
have a prehilbert space so that by completions and quotients one gets a physical Hilbert subspace
defined by gauge invariant states accommodated as equivalent classes [13].
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also belongs to ℑ
GNI
. In order to be defined on H
GNI
the operator W cannot be further
reduced. Γ is a spurious operator with zero scale dimension and spin that generates constant
Wightman functions
〈Γ∗(x1) · · ·Γ∗(xm)Γ∗(xm+1) · · ·Γ∗(xn) Γ(y1) · · ·Γ(ym)Γ(ym+1) · · ·Γ(yn) 〉 = 1 , ∀ a > 1 ,
(2.28)
and therefore the correlation functions of the operator W are isomorphic to those of the free
fermion field ψ 0
ℓ
,
〈
n∏
i=1
W ∗(xi)
n∏
j=1
W (yj) 〉 ≡ 〈
n∏
i=1
ψ∗ 0
ℓ
(xi)
n∏
j=1
ψ 0
ℓ
(yj) 〉 , ∀ a > 1 . (2.29)
The Hilbert space H
GNI
of the GNI formulation can be factorized as a product
H
GNI
= Hχ1 ⊗Hψo, χ2, λ′ , (2.30)
where Hχ1 is the Fock space of the free massive field χ1 ∈ ℑGNI and Hψo, χ2, λ′ the closure
of the space
Hψo, χ2, λ′ = ℑ′
GNI
Ψo , (2.31)
in which we have a representation of the field algebra ℑ′
GNI
generated by jµ
ℓ
, Lµ, W and the
longitudinal piece of the gauge field Aµ
L
(which only depends on the massless fields); i. e.,
the closure of the space is obtained by applying to the vacuum polynomials of the fields jµ
ℓ
,
W , Lµ and Aµ
L
. Except for the Wick exponential W , the field algebra ℑ′
GNI
is generated by
combinations of derivatives of the fields φ′, χ2 and λ′. The Hilbert space H
GNI
is given by
H
GNI
≡ ℑ(χ1 ,ℑ′o )GNIΨo , (2.32)
where ℑ(χ1,ℑ′o )GNI is the field algebra generated by χ1 and by the subalgebra ℑ′o ⊂ ℑ′GNI
which commutes with Lµ.
The operatorW cannot be reduced and the Hilbert space completion Hψo, χ2, λ′ cannot be
further decomposed. The Hilbert space factorization (2.30) and the isomorphism expressed
by Eq.(2.29) imply that the Hilbert space H
GNI
contains free fermion states. As we shall see
later, the improper factorization of the completion of states performed in Refs.[9,10] leads
to some misleading conclusions about basic structural properties of the model.
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B. Cluster Decomposition
Although the field operator ψ
ℓ
representing the fermionic particle in the GNI formulation
is given in terms of a spurious operator Γ, the cluster property for the corresponding Wight-
man functions is not violated. In particular, we obtain for the fermion two-point function
[8,12]
〈ψ∗
ℓ
(x)ψ
ℓ
(y) 〉 = 〈ψ∗ 0
ℓ
(x)ψ 0
ℓ
(y) 〉 exp { 4π
a− 1 ∆
(+)(x− y;ma) } . (2.33)
Contrary to what happens in the VSM [13], the space-time contribution coming from
the free fermion two-point function in eqs.(2.29-33) ensures the existence of fermions in the
asymptotic states and implies that the cluster decomposition is not violated
〈ψ
ℓ
(x+ λ)Ψo , ψℓ(x)Ψo 〉λ→∞ −→ 0 = || 〈Ψo , ψℓ(x) Ψo 〉 || 2 . (2.34)
Of course, we can construct a composite operator belonging to ℑ
GNI
that carries the free
fermion chirality,
M = ψ∗
ℓ
ψ
r
=
µo
4π
: e 2i
√
π φ˜ : = : e 2i
√
π
a−1 χ1 : ψ 0∗
ℓ
ψ 0
r
Γ∗ ∈ ℑ
GNI
. (2.35)
However the cluster decomposition is not violated for the corresponding Wightman functions
as well :
〈M∗(x)M(0) 〉 = e 4πa−1∆(+)(x;ma)
(
µo
2πx 2
)
x2→−∞
→ 0 . (2.36)
From the cluster property (2.34) and (2.36) we conclude that the screening and confinement
aspects exhibited by the CSM for a > 1 differ from those of the VSM [13]. This result is in
agreement with the conclusions of Refs.[8,12], and is crucial for the discussion concerning
the claimed equivalence of the VSM and CSM defined for a = 2.
A peculiar feature of the CSM which differs from the vector case is the fact that the cluster
decomposition property is not violated for Wightman functions that are representations of the
field algebra ℑ
GNI
generated from the irreducible set of field operators { ψ¯, ψ,Aµ }, provided
only the intrinsic field algebra is considered without any reduction of the completion of states.
Although the cluster property is violated for the Wightman functions of the operator Γ, this
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operator cannot be defined in H
GNI
since [Q5
L
, Γ(x) ] 6= 0, where Q5
L
is the chiral charge
associated with the longitudinal current.
C. Connection with the Minimal Bosonization Scheme
Now, let us show that the minimal bosonization scheme used in Ref.[12] is physically
equivalent to the enlarged bosonization scheme used in Refs.[8,9], in spite of the fact that
the latter introduces an additional redundant field algebra.
The field operator ψ
ℓ
given by eq.(2.19c) can be related to the operator solution ψˆ
ℓ
given
in Ref.[12] in the following way: Defining the non-canonical scalar field
σ(x)
.
=
1√
a− 1 χ1(x) , (2.37)
we can write ψ
ℓ
(x) as
ψ
ℓ
(x) = ψˆ
ℓ
(x) Γ(x) , (2.38)
where the fermion field operator in the minimal bosonization scheme is given by 11
ψˆ
ℓ
(x) =: e−2i
√
πσ(x) : ψo
ℓ
(x) . (2.39)
The fact that theGNI operator solutions ψˆ(x) and ψ(x) are related by a superfluous spurious
phase operator means that the bosonization scheme used in Refs.[8,9] introduces an extra
(unphysical) redundant field algebra, i. e., it introduces more degrees of freedom than those
needed for the description of the model. Of course, these operator solutions are equivalent
11 The canonical harmonic field h(x) used in Refs.[1,12] is identified with [8]
h
ℓ
(x) ≡ φ′
ℓ
(x) +
( 1√
a− 1χ2(x) −
g√
π
λ′(x)
)
such that, and in accordance with the results obtained in Refs.[1,2,5,6,8,12], there are only two
“physical” bosonic degrees of freedom in the anomalous model: the massive field χ1 and the massless
field φ′, which acts as potential for the free fermionic current.
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since they generate the same Wightman functions, provided only the intrinsic field algebra
is considered without any reduction of the completion of states.
The Hilbert space Hˆ
GNI
of the minimal scheme can be decomposed as
Hˆ
GNI
= Hσ ⊗Hψo , (2.40)
and the isomorphism expressed in Eq.(2.29) means that the Wightman functions that are
represented on the Hilbert space completion Hψo of the minimal scheme are isomorphic to
those which are represented on the Hilbert space completion Hχ2, λ′, ψo of the local states of
the enlarged GNI formulation. This ensures the existence of fermions in the asymptotic
states 12.
D. The case a = 2
This particular case has generated some confusion in the literature, since the corre-
sponding operator algebra exhibits non-trivial and delicated features which might lead to
misleading conclusions about structural properties of the model. As we shall see, one can
construct a field subalgebra ℑ
Sch
⊂ Bℑext
GNI
which is isomorphic to the field subalgebra of
the VSM but does not belong to the intrinsic field algebra ℑ
GNI
of the anomalous chiral
model 13.
12 In the VSM the field λ′ is absent, χ1 ≡ Σ˜ and χ2 ≡ η˜. The Hilbert space can be decomposed
as [11]
H
Sch
= HΣ˜ ⊗Hψo, η˜ .
13 The introduction of the dual fields λ˜′ (or χ˜2) enlarges the bose field algebra ℑ
B
GNI
and defines
an external algebra
Bℑext
GNI
⊃ ℑB
GNI
.
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For a = 2 the Fermi field operator ψ
ℓ
can be factorized as
ψ
ℓ
=
( µo
2π
)1/2
: e−2i
√
πχ1 : σ
ℓ
σ ∗
r
: e−2igλ
′
ℓ : ∈ ℑ
GNI
, (2.41)
where σ
r
and σ
ℓ
are spurious operators, and as we shall prove later they do not belong to
ℑ
GNI
, given by
σ
r
=: e
− i√π [ (χ2 + χ˜2 )− g√π ( λ ′+ λ˜ ′ ) ] : = : e i
√
πLr : , (2.42a)
σ
ℓ
=: e i
√
π [ (φ ′− φ˜ ′)+ (χ2 − χ˜2 ) ] :=: e i
√
πL
ℓ : . (2.42b)
For a = 2, the field λ′
ℓ
decouples from the longitudinal current L
ℓ
given by Eq.(2.17d)
and there is a broader class of operators belonging to ℑB
GNI
that satisfy the subsidiary
condition. Since in this case the Wick exponential operator : exp{−2igλ′
ℓ
} : commutes with
the constraints 14
[Lµ , : e
i g (λ˜′ −λ′) : ] = 0 , (2.43)
it is tempting to extract from the operator (2.41) the dependence on the field λ′
ℓ
, as is
done in Ref.[9] for the corresponding GI field operator. The resulting operator shares some
resemblance with the composite chiral operator of the VSM [9]. With this procedure the
authors of Ref.[9] conclude for the need of the Θ-vacuum parametrization in the anomalous
model and its equivalence with the VSM. As we shall see, in the formulation in terms of
intrinsic field algebra generated from the irreducible set of local field operators, the operators
σ
ℓ
σ ∗
r
, σ
ℓ
, σ
r
and : e i g (λ˜
′∓λ′) : do not exist separately and cannot be defined on H
GNI
.
In order to show that some misleading conclusion can arise by making the factorization
of the closure space, as for example Hψo, χ2, λ′ = Hψo, χ2, λ′r ⊗Hλ′ℓ done in Ref.[9], we follow
along the same lines as those of Ref.[9] and consider the operator ψ′
ℓ
(x) ∈ ℑB
GNI
defined for
a > 1 and given by
ψ′
ℓ
(x)
.
=: e+ i g [ λ
′(x)− λ˜′(x) ] ψ
ℓ
(x) : /∈ ℑ
GNI
, (2.44)
14 Where we used λ
ℓ
= 1/2 (λ′ − λ˜′ ).
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Then, we construct the composite operator carrying free chirality
S = ψ′
ℓ
∗
ψ
r
. (2.45)
The operator S ∈ ℑB
GNI
is the GNI counterpart of the operator which was considered in
Ref.[9] in the case a = 2 and the corresponding two-point function is given by
〈S ∗(x)S(0) 〉 = e 4πa−1∆(+)(x;ma) µ0
2π
(
x 2
)− (a−2)/(a−1)
. (2.46)
For a = 2 the cluster decomposition is violated ! Of course, this implies a misleading
conclusion about the need of the Θ-vacuum parametrization in the GNI formulation of the
theory. The state ψ′
ℓ
Ψo belongs to the improper Hilbert space completion Hψo, χ2, λ′r ⊂ H
B
GNI
of the local states and cannot be regarded as a state in the Hilbert space of states which
defines the representation of the field algebra ℑ
GNI
. As we shall see, the set of local states
Do ≡ ℑ
GNI
Ψo does not contain states like ψ
′
ℓ
Ψo.
Note that the introduction of the dual field λ˜′ (or χ˜2) enlarges the bose field algebra ℑB
GNI
and defines an external algebra
Bℑext
GNI
⊃ ℑB
GNI
. The need of the Θ-vacuum parametrization,
claimed in Ref.[9], cannot be regarded as a structural property of the theory since it emerges
as a consequence of the use of the redundant algebra belonging to the external algebra
Bℑext
GNI
,
generated by the set of Bose fields {φ′, φ˜′, χ2, χ˜2 , λ′, λ˜′, χ1}, rather than on the intrinsic
algebra ℑ
GNI
, generated from the irreducible set of field operators which defines the model.
We must remark that on the enlarged state space HB
GNI
, the connection with the VSM
can be made by considering the operator S
Sch
.
= ψ′
ℓ
|
a=2
S
Sch
.
= : e+2 i g λ
′
ℓ ψ
ℓ
: |
a=2 =
( µo
2π
)1/2
: e−2i
√
πχ1 : σ
ℓ
σ ∗
r
6∈ ℑ
GNI
, (2.47)
such that the cluster property is violated for the corresponding Wightman function
〈S∗
Sch
(x)S
Sch
(0) 〉
x2→−∞ →
µo
2π
. (2.48)
The operator S
Sch
6∈ ℑ
GNI
and can be viewed as a composite operator
S
Sch
(x) = lim
ǫ→ 0
Z −1(ǫ) Ψ ∗
r
(x + ǫ) Ψ
ℓ
(x) , (2.49)
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where Ψ 6∈ ℑ
GNI
and is given by
Ψ(x) =
( µo
2π
) 1/4
: e i
√
π γ 5 χ1(x) : e i
√
π [ γ 5 L˜(x) +L(x) ] : . (2.50)
Although the operator Ψ(x) generates the same Wightman functions of the covariant
solution of the VSM, it is not the intrinsic field operator representing the fermionic content
of the CSM and cannot be defined on H
GNI
. The operators (2.47) and (2.50) are the
gauge noninvariant counterpart of the field operators used in Refs.[9,10] to suggest the
need of Θ-vacuum parametrization and the equivalence of the VSM and CSM defined for
a = 2. Since these operators do not belong to the field algebra ℑ
GNI
, they cannot be
defined on H
GNI
and the claimed equivalence with the VSM cannot be established. This
apparent equivalence is a by-product of the incorrect choice of the observables representing
the fermionic content of the model, that arises by factorizing the closure of the space as the
product Hψo, χ2, λ′ = Hψo, χ2, λ′r ⊗Hλ′ℓ . Note that, in the VSM [11], χ2 ≡ η˜ ,χ1 ≡ Σ˜ and the
closure of the space is Hψo, η˜ and cannot be factorized as Hψo, η˜ = Hη˜ ⊗ Hψo . The Hilbert
space of the VSM can be identified with the improper subspace HSch ≡ Hχ1 ⊗Hψo
ℓ
, χ2, λ′r of
the chiral model defined for a = 2.
Now we prove the proposition according to which one cannot define on the Hilbert space
H
GNI
the Wick exponential
Λ
ℓ
(x)
.
= : e i g [λ
′(x)− λ˜′(x) ] : , (2.51)
and therefore the operator ψ′
ℓ
.
= : Λ
ℓ
ψ
ℓ
: also cannot be defined on H
GNI
. In analogy with
the vector case [11], such property follows from the fact that some charges get trivialized in
the restriction from
BHext
GNI
or from HB
GNI
to H
GNI
.
For a 6= 2, the trivialization of the chiral charge Q5
L
in the restriction fromHB
GNI
to H
GNI
,
Q5
L
HB
GNI
6= 0 , Q5
L
H
GNI
= 0 , (2.52)
implies that the closure of local states associated to the intrinsic field algebra ℑ
GNI
does not
allow the introduction of operators which are charged under Q5
L
. However, for the especial
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case a = 2, the field operators Λ
ℓ
(x) and ψ′
ℓ
(x) are neutral under Q5
L
,
[Q5
L
, Λ
ℓ
(x) ] = 0 , (2.53)
[Q5
L
, ψ′
ℓ
(x) ] = 0 , (2.54)
and the criterion based on the trivialization of the charge Q5
L
is insufficient to decide about
the existence of the state ψ′
ℓ
Ψo on H
GNI
.
Consider a local charge operator
Q
ϕ˜
.
= lim
R→∞
∫
|x1|≤R
∂
x0
ϕ˜(x0, x1) dx1 ≡ lim
R→∞
Q
ϕ˜,R
(2.55)
associated with the field operator ϕ˜(x) 15 such that it get trivialized in the restriction from
BHext
GNI
or from HB
GNI
to H
GNI
, i.e.,
Q
ϕ˜
BHext
GNI
6= 0 ,


Q
ϕ˜
HB
GNI
6= 0
or
Q
ϕ˜
HB
GNI
= 0
, Q
ϕ˜
H
GNI
= 0 . (2.56)
The trivialization of the charge Q
ϕ˜
on the Hilbert space H .= ℑΨo, follows from the
fact that [11], if the field algebra ℑ contains functions of ϕ but not of ϕ˜, then
〈Q
ϕ˜
Ψo , ℑΨo 〉 = 0 , (2.57)
and hence, we get
lim
R→∞
〈Q
ϕ˜,R
ℑΨo , ℑΨo 〉 =
= lim
R→∞
〈 [Q
ϕ˜,R
, ℑ ] Ψo , ℑΨo 〉 + lim
R→∞
〈 ℑQ
ϕ˜,R
Ψo , ℑΨo 〉 = 0 , (2.58)
15In which a regularization of the integral is to be understood [11],
Q
ϕ˜,R
=
∫
∂
x0
ϕ˜(x0, x1) f
R
(x1) g(x0) dx1 dx0 ,
with f
R
= f(|x1|/R), f ∈ D(ℜ1), f(x) = 1 for |x| < 1, f(x) = 0 for |x| > 1 + ǫ, g(x0) ∈ D(ℜ1),
∫
g(x0)dx0 = 1.
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i.e., for the set of local states Do ≡ ℑ
GNI
Ψo, we obtain the weak limit
Q
ϕ˜
Do = w − lim
R→∞
Q
ϕ˜,R
Do = 0 . (2.59)
Now, we prove that the trivialization of the charge Q
λ˜′ in the restriction from
BHext
GNI
to
H
GNI
implies that the state ψ′
ℓ
(x) Ψo cannot belong to H
GNI
.
To this end, let A(ϕ˜) be an element of the local field algebra ℑB
GNI
(is a local operator)
and that have a non zero charge Q
ϕ˜
,
lim
R→∞
[Q
ϕ˜,R
, A(ϕ˜) ] = αA(ϕ˜) , α 6= 0 , A(ϕ˜) ∈ ℑB
GNI
. (2.60)
For the set of local states Do ≡ ℑ
GNI
Ψo, and a local state A(ϕ˜)Ψo of charge α, consider
α 〈A(ϕ˜)Ψo , ℑ
GNI
Ψo 〉 = 〈 [Qϕ˜ , A(ϕ˜) ]Ψo , ℑGNI Ψo 〉 =
= 〈A(ϕ˜) Ψo , Qϕ˜ ℑGNI Ψo 〉 − 〈A(ϕ˜)Qϕ˜ Ψo , ℑGNI Ψo 〉 = 0 , (2.61)
and therefore the state A(ϕ˜) Ψo does not exist in H
GNI
.
Considering ϕ˜ ≡ λ˜′, Eq.(2.61) implies that the closure of the local states associated to the
field algebra ℑ
GNI
intrinsic to the model does not allow the introduction of operators which
are charged under Q
λ˜′ . Since
[Q
λ˜′ , Λℓ(x) ] =
π
g
Λ
ℓ
(x) , (2.62a)
[Q
λ˜′ , ψ
′
ℓ
(x) ] =
π
g
ψ′
ℓ
(x) , (2.62b)
the set of local states Do ≡ ℑ
GNI
Ψo does not contain states like Λℓ(x) Ψo and ψ
′
ℓ
(x) Ψo. The
state ψ′
ℓ
Ψo cannot belong to H
GNI
and the operator ψ′
ℓ
6∈ ℑ
GNI
.
Similarly, for ϕ˜ ≡ χ˜2 ∈ Bℑext
GNI
and the trivialization of the charge Q
χ˜2
in the restriction
from
BHext
GNI
to H
GNI
, one proves that the operators σ
ℓ
and σ
r
which are charged under
Q
χ˜2
, do not exist separately in ℑ
GNI
and cannot be defined on H
GNI
. Only the neutral
combination W exist in the field algebra ℑ
GNI
.
In conclusion we showed that the main results of Refs.[9,10] cannot be regarded as
structural properties of the CSM since they are consequence of the use of a redundant field
algebra belonging to the external algebra ℑB rather than on the use of the intrinsic field
algebra ℑ which defines the model.
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III. GAUGE INVARIANT FORMULATION
In the Lagrangian formalism and within the Faddeev-Satashvili proposal [3], the so-called
GI formulation of the anomalous gauge theory is constructed introducing extra degrees of
freedom into the theory by adding to the original GNI Lagrangian a WZ term [3,4]
L
GI
= L
GNI
+ L
WZ
, (3.1)
where L
WZ
is the WZ Lagrangian density given by
L
WZ
=
1
2
( a − 1 ) ( ∂µ θ )2 + g√
π
Aµ { ( a − 1 ) ∂ µθ − ∂˜ µθ } . (3.2)
The resulting “embedded’ theory exhibits invariance under the extended local gauge trans-
formations
ψ(x) → e iΛ(x)P+ ψ(x) , (3.3a)
Aµ(x) → Aµ(x) + 1
g
∂µ Λ(x) , (3.3b)
θ(x) → θ(x) + Λ(x) . (3.3c)
Within the path-integral and operator approaches, the GI formulation is constructed by
enlarging the intrinsic local field algebra ℑ
GNI
through an operator-valued gauge transfor-
mation on the GNI formulation of the anomalous model [5,6,7],
θψ(x) = : e− i
√
π θ(x)P+ ψ(x) : , (3.4a)
θAµ(x) = Aµ(x) −
√
π
g
∂µ θ(x) . (3.4b)
The gauge-transformed Lagrangian density is given by [7]
L
GI
= − 1
4
(Fµν ) 2 + i θψ¯ ∂/ θψ + g√
π
θK µ
ℓ
θAµ + ag
2
2π
( θAµ) 2 , (3.5)
which can be written as
L
GI
{ θψ¯, θψ, θAµ } = L
GNI
{ ψ¯, ψ,Aµ } + L
WZ
{Aµ, θ } . (3.6)
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The bosonized effective GI Lagrangian density is given by (2.5) plus the WZ Lagrangian
(3.2).
The set of gauge-transformed field operators {θψ¯, θψ, θAµ} is invariant (by construction)
under the extended local gauge transformations (3.3) and generates the GI field algebra
θℑ ≡ ℑ
GI
.
Within the formulation of the theory based on the local field algebra generated from the
intrinsic irreducible set of field operators {ψ¯, ψ,Aµ}, the procedure of defining the GI version
of the anomalous theory make use of the introduction of a Bose field algebra, generated by
the WZ field θ, which is an external algebra to the intrinsic field algebra ℑ
GNI
. We shall
denote by θH ≡ H
GI
.
= θℑΨo, the state space on which the field algebra generated from
the set of gauge-transformed field operators { θψ¯, θψ, θAµ } is represented.
The question that arises refers to whether the introduction of the external WZ field alge-
bra changes the physical content of the original anomalous field theory. Without neglecting
the required mathematical rigor, the algebraic isomorphism between the GNI and GI for-
mulations of the anomalous chiral model can be established starting from the enlargement
of the intrinsic field algebra ℑ
GNI
. As we will show the introduction of the WZ field enlarges
the theory and replicates it, without changing either its algebraic structure or its physical
content. As a matter of fact, the implementation of the operator-valued gauge transforma-
tion connecting the GNI and GI formulations is undercover of the algebraic isomorphism
between the corresponding field algebras. This is most easily understood in the bosonization
approach in which the field algebras ℑB
GNI
and ℑ
GNI
are available.
To begin with and following along the same lines as those of Refs.[8,9], we consider the
enlargement of the Bose field algebra ℑB
GNI
by the introduction of the WZ field through
θ = ξ′ − g√
π
( 1
a− 1 χ + λ
)
, (3.7)
which corresponds to shift the field λ′ by
− g√
π
λ′ = θ − ξ′ , (3.8)
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with the fields satisfying the algebraic constraints
[λ′(x) , ξ′(y) ] = 0 , (3.9a)
[ θ(x) , ξ′(y) ] = − g√
π
[ θ(x) , λ′(y) ] = [ ξ′(x) , ξ′(y) ] =
g2
π
[λ′(x) , λ′(y) ] . (3.9b)
As we shall see, the shift (3.8) together with the commutations relations above leads to
a gauge invariant algebra and ensures that no additional physical degree of freedom is
introduced into the theory.
With the field re-definition (3.8) we introduce a Bose field subalgebra ℑB
GI
⊂ ℑB
GNI
,
generated by the set of building blocks {φ′, χ2, χ1 , ξ′ }, and the Hilbert space HB
GNI
.
=
ℑB
GNI
Ψo can be decomposed as
HB
GNI
= H
χ1
⊗H
φ′ ⊗Hχ2 ⊗Hλ′ = Hχ1 ⊗Hφ′ ⊗Hχ2 ⊗Hξ′ ⊗Hθ ≡ H
B
GI
⊗H
θ
, (3.10)
where the subspace HB
GI
⊂ HB
GNI
is defined by HB
GI
.
= ℑB
GI
Ψo.
Using (3.8), the set of field operators {ψ¯
GNI
, ψ
GNI
,Aµ
GNI
} given by Eq.(2.19), and which
defines the GNI algebra ℑ
GNI
, can be written as
ψ
GNI
(x) = : ψ
GI
(x) e i
√
π P+ θ(x) : = Z1/2 ψ
GI
(x) : e i
√
π P+ θ(x) : , (3.11)
Aµ
GNI
(x) = Aµ
GI
(x) +
√
π
g
∂µ θ(x) , (3.12)
where
Z = exp{ 4π 〈 θ(x+ ǫ) ξ′(x) 〉o } = [−µ ǫ2 ]1/(a−1) (3.13)
is a finite wave function renormalization constant (a > 1), and the longitudinal current can
be written as
Lµ
GNI
(x) = Lµ
GI
(x) − J µ
WZ
(x) , (3.14)
where the WZ current is
J µ
WZ
= − g√
π
{ ( a − 1 ) ∂ µθ − ∂˜ µθ } , (3.15)
and
〈Lµ
GI
Ψo , L
ν
GI
Ψo 〉 = 0 . (3.16)
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The anomalous nature of the model induces the transformation (3.14) for the longitudinal
piece of the current [7], such that the Hilbert spaceH
GI
.
= ℑ
GI
Ψo is defined by the subsidiary
condition
〈Φ , ( J ν
GI
(x) − ∂µ F µν(x) ) Ψ 〉 = 〈Φ , L ν
GI
(x) Ψ 〉 = 0 , ∀Φ , Ψ ∈ H
GI
, (3.17)
with
θJ µ ≡ J µ
GI
(x) = J µ
GNI
(x) + J µ
WZ
(x) . (3.18)
Using (3.8) together with (2.17b), yields
φ
ℓ
− θ = 1
2
(φ− φ˜) = φ ′
ℓ
+
1√
a− 1 (χ2 − χ1) − ξ
′ . (3.19)
Note that the expression for the field combination φ
ℓ
− θ is the same as that for φ
ℓ
given by
eq.(2.17b), but with the non canonical free field λ′ replaced by ξ′. In agreement with one of
the main conclusions of Ref.[8], we find that the field algebra ℑB
GNI
of the GNI formulation
generated from the building blocks {φ′, χ2, χ1 , λ′ } is replaced in the GI formulation by the
algebra ℑB
GI
generated from the set of fields {φ′, χ2, χ1 , ξ′ }.
Using the transformations (2.10) and (3.8), we obtain the bosonized version of the GI
Lagrangian as given by [8]
L
GI
=
1
2
( ∂µ φ
′ ) 2 − 1
2
( ∂µ χ2 )
2 +
(a − 1)
2
( ∂µ ξ
′ ) 2 +
1
2
( ∂µ χ1 )
2 − 1
2
m 2a χ
2
1
. (3.20)
The formal expressions for the operators {ψ
GI
, Aµ
GI
, Lµ
GI
} are the same as for
{ψ
GNI
, Aµ
GNI
, Lµ
GNI
}, except for the replacement of the field g/√πλ′ by the field ξ′. The
set of field operators {ψ¯
GI
, ψ
GI
, Aµ
GI
} defines (through polynomials of these smeared fields,
Wick ordering, point-splitting regularization of polynomials, etc.) the GI algebra ℑ
GI
which
is subject to the constraint
[O , Lµ
GI
] = 0 , ∀O ∈ ℑ
GI
. (3.21)
Although the so-introduced WZ field has acquired dynamics, it is a redundant field in
the sense that it does not change the algebraic structure of the model and therefore does
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not change its physical content. As we shall see, this implies the isomorphism between the
field algebras ℑ
GNI
and ℑ
GI
.
From the algebraic point of view, the WZ field introduced according with (3.8) and
subjected to the commutation relations (3.9), plays a redundant role on the structure of the
Bose field algebra HB
GNI
. This can be seen by considering the Wightman functions associated
with the Wick exponential of the field λ′:
〈
n∏
j=1
: e−i g λ
′(xj) :
n∏
k=1
: e i g λ
′(yk) : 〉 = 〈
n∏
j=1
: e i
√
π [ θ(xj)− ξ′(xj) ] :
n∏
k=1
: e−i
√
π [ θ(yk)−ξ′(yk) ] : 〉 =
= 1 × 〈
n∏
j=1
: e− i
√
π ξ′(xj) :
n∏
k=1
: e i
√
π ξ′(yk) : 〉 ≡
≡ 〈
n∏
j=1
: e− i [ g λ
′(xj)−
√
π θ(xj) ] :
n∏
k=1
: e i [ g λ
′(yk)−
√
π θ(yk) ] : 〉 , (3.22)
in which we have explicited the identity arising from the commutator factors
1 = exp
{
π
n∑
j, k=1
(
〈 θ(xj) θ(yk) 〉o − 〈 θ(xj) ξ′(yk) 〉o − 〈 ξ′(xj) θ(yk) 〉o
)
+
+ π
n∑
i<j
(
〈 ξ′(xi) θ(xj) 〉o + 〈 θ(xi) ξ′(xj) 〉o − 〈 θ(xi) θ(xj) 〉o
)
+
+ π
n∑
k<l
(
〈 ξ′(yk) θ(yl) 〉o + 〈 θ(yk) ξ′(yl) 〉o − 〈 θ(yk) θ(yl) 〉o
) }
. (3.23)
As a consequence of the identity (3.22) we obtain
〈
n∏
j=1
ψ†
GNI
(xi)
n∏
k=1
ψ
GNI
(yk) 〉 ≡ 〈
n∏
j=1
ψ†
GI
(xi)
n∏
k=1
ψ
GI
(yk) 〉 , (3.24)
expressing the isomorphism between the Wightman functions generated from the field op-
erator ψ
GNI
∈ ℑ
GNI
and those generated from the field operator ψ
GI
∈ ℑ
GI
. In the same
way, we get
〈
n∏
j=1
Aµ
GNI
(xi)
n∏
k=1
Aν
GNI
(yk) 〉 ≡ 〈
n∏
j=1
Aµ
GI
(xi)
n∏
k=1
Aν
GI
(yk) 〉 . (3.25)
From the above considerations, the isomorphism between the field algebra ℑ
GNI
defining
the GNI formulation and the algebra ℑ
GI
defining the GI formulation of the CSM implies
that the state space H
GNI
, which provides a representation of the GNI intrinsic local field
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algebra ℑ
GNI
, is isomorphic to the state space H
GI
on which the GI local field algebra is
represented; i.e.,
〈℘ { ψ¯
GNI
, ψ
GNI
, Aν
GNI
} 〉 ≡ 〈℘ { ψ¯
GI
, ψ
GI
, Aν
GI
} 〉 ≡ 〈℘ { θψ¯, θψ, θAν } 〉 , (3.26)
where ℘ is any polynomial in the intrinsic field operators.
The fact that the Wightman functions of the GNI formulation are the same of those of
GI formulation is in agreement with the results of Refs.[6,8] in the sense that the introduction
of the WZ field enlarges the theory and replicates it, without changing neither its algebraic
structure nor its physical content. Consequently the same analysis made in section 2 for
the GNI formulation applies to its isomorphic GI formulation. The conclusions referring to
cluster decomposition and Θ-vacuum parametrization and the suggested equivalence of VSM
and CSM defined for a = 2, are the same for the GI formulation. Therefore we completely
disagree with the conclusion of the authors of Refs.[9,10] who claim the need for a Θ-vacuum
parametrization and the equivalence of the VSM and the GI formulation of CSM defined
for a = 2.
Now, let us make some final remarks on the suggested connection with the VSM. In Ref.[9]
it is claimed that for a = 2 and apart from free physical chiral states, the GI formulation
of CSM is equivalent to the VSM. These statements disagree with our conclusions 16 about
the behavior of the fermionic particle in both GNI and GI formulations and are misleading
in view of the algebraic isomorphism between GNI and GI formulations.
The local charge operatorQ
ϕ
= limR→∞Q
ϕ,R
, associated with a field operator ϕ, defines
automorphisms of the field algebras
Bℑext
α
, ℑB
α
and ℑ
α
, which are implementable in the
various spaces
BHext
α
, HB
α
and H
α
. Using the algebraic constraints (3.9), we can display the
following implementability conditions
Q
λ′
HB
GNI
6= 0 , Q
λ′
H
GNI
6= 0 ,
16And also disagrees with the conclusions of Refs.[6,8] and [12].
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Q
λ′
HB
GI
= 0 , Q
λ′
H
GI
= 0 ; (3.27a)
Q
ξ′
HB
GNI
= 0 , Q
ξ′
H
GNI
= 0 ,
Q
ξ′
HB
GI
6= 0 , Q
ξ′
H
GI
6= 0 ; (3.27b)
and since θ = ξ′ − g√
π
λ′, we get
Q
θ
HB
GNI
6= 0 , Q
θ
H
GNI
6= 0 ,
Q
θ
HB
GI
6= 0 , Q
θ
H
GI
6= 0 . (3.27c)
The latter condition implies that the Wick exponential and derivatives of the WZ field θ can
be defined on both Hilbert spaces H
GNI
and H
GI
, as implied by the operator-valued gauge
transformation (3.4) which enables the relationship between the isomorphic GNI and GI
formulations.
Following along the same lines as those of section 2.4 for the GNI formulation, for a = 2
the Fermi field operator ψ
ℓ
GNI
can be written as
ψ
ℓ
GNI
= : ψ′
ℓ
GI
e2 i
√
π θr : : e2 i
√
π ( θ
ℓ
− ξ′
ℓ
) : , (3.28)
where the expression for the operator ψ′
ℓ
GI
is the same of Eq.(2.47), only replacing the field
λ′
r
by the field ξ′
r
.
The trivialization of the charge Q
λ˜′
, carried by the field combination θ
ℓ
− ξ′
ℓ
= λ′
ℓ
∈
Bℑext
GNI
, in the restriction from
BHext
GNI
to H
GNI
, implies that the closure of the local states
associated to the field algebra ℑ
GNI
intrinsic to the model does not allow the introduction
of the operator : exp {2 i√π ( θ
ℓ
− ξ′
ℓ
)} :, which is charged under Q
λ˜′
. This implies that the
field operator (see Eq.(2.47))
S
Sch
.
= : e+2 i g λ
′
ℓ ψ
ℓ
: |
a=2 ≡ : e− 2 i
√
π ( θ
ℓ
− ξ′
ℓ
) : ψ
ℓ
GNI
= : ψ′
ℓ
GI
e2 i
√
π θr : , (3.29)
cannot be defined on H
GNI
and does not belong to the field algebra ℑ
GNI
.
The enlargement of the Boson field algebra ℑB
GNI
performed in Ref.[9], with the intro-
duction of the dual WZ field
θ˜ = ξ˜′ − g√
π
( 1
a− 1 χ + λ
)
, ∀ a > 1 , (3.30)
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implies that
θ
ℓ
= ξ′
ℓ
, (3.31)
and thus λ′
ℓ
≡ 0. In this case the field operator (3.30) reduces to
ψ
ℓ
GNI
= : ψ′
ℓ
GI
e2 i
√
π θ
r : . (3.32)
For the moment consider the following commutation relations
[φ
ℓ
(x)− θ(x) , L
GI
(y)] = 0 , (3.33a)
[φ
ℓ
(x)− θ
r
(x) , L
GI
(y)] = [θ
ℓ
(x) , L
GI
(y)] =
(
a− 2
a− 1
)
∆(x+ − y+; 0) , (3.33b)
where L
GI
is the potential for the longitudinal current Lµ
GI
. From these commutation re-
lations we see that for values of the regularization parameter in the range a > 1, the field
combination φ
ℓ
− θ satisfies the subsidiary condition (3.21). However, for the special value
a = 2, there is a broader class of operators belonging to
Bℑext
GI
that satisfy the subsidiary
condition and include the field combination φ
ℓ
− θ
r
and the field θ
ℓ
= ξ′
ℓ
, which in this
case decouples from the longitudinal current (3.14b) but not from the Lagrangian density,
as occurs in the VSM.
However, the use of the external Bose algebra
Bℑext
GNI
makes the problem more dramatic
since the trivialization of the charge Q
θ˜
, associated with the WZ field component θ
r
, implies
that the Wick exponential : exp{2 i√π θ
r
} : cannot be defined either on the Hilbert space
H
GNI
or on H
GI
. In this case the definition of the operator ψ′
ℓ
GI
is meaningless as well17.
At a glance, the isomorphism between GNI and GI Wightman functions points towards
on behalf of gauge invariance such that the rhs of the identity (3.26) exhausts all possible
17Since for a = 2 the field combination (φ
ℓ
− θr ) ∈
Bℑext satisfies the subsidiary condition, the
authors of Ref.[9] chose the field operator θrψ
ℓ
6∈ θℑ instead of θψ
ℓ
∈ ℑ
GI
to define the physical
fermionic content of the model. The gauge transformed operator (2.50) is given by
θΨ(x) =
( µo
2π
) 1/4
: e i
√
π γ 5 χ1(x) : e i
√
π [ γ 5 θL˜(x) + θL(x) ] : ,
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observable content of the theory. As a matter of fact, the isomorphism established by
Eqs.(3.26) has an algebraic interpretation18 and in order to be correctly understood must
be seen on the basis of the Wightman reconstruction theorem in the sense that the set of
Wightman functions 〈℘ { ψ¯
GNI
, ψ
GNI
, Aν
GNI
} 〉 (〈℘ { ψ¯
GI
, ψ
GI
, Aν
GI
} 〉) uniquely determine
(up to isomorphisms) a representation of the field algebra ℑ
GNI
(ℑ
GI
).
For the GNI and GI formulations we have the realization of the corresponding weak
local Gauss’s law
〈Φ
α
, ( J 0
α
(x) − ∂1 F 10(x) ) Ψα 〉 = 〈Φα , L 0α (x) Ψα 〉 = 0 (3.34)
where α means that we are working in GI or GNI formulations. We can construct the local
charges
Q
α
[Λ] =
∫
zo
Λ(z)
(
J 0
α
(z)− ∂1 F 1 0(z) ) dz1 =
∫
z0
{L0
α
(z) Λ(z)− L1
α
(z) Λ˜(z) } dz1 , (3.35)
and does not belong to θℑ either. However, the fact that the operator θΨ of the GI formulation (
or Ψ of the GNI formulation ) shares the same features of the fermion operator of the covariant
solution of the VSM [13] does not imply the equivalence between the two models. In order for this to
be true, such an equivalence should be established between all Wightman functions of the two models
and this is not the case, since neither Ψ 6∈ ℑ
GNI
can be defined on the Hilbert space H
GNI
of the
GNI formulation nor θΨ 6∈ ℑ
GI
can be defined in the Hilbert space H
GI
of the GI formulation.
The Hilbert space θH ≡ H
GI
can be factorized as a product
θH = Hχ1 ⊗Hχ2,ξ′,ψo .
The Hilbert space completion Hχ2,ξ′,ψo of the local states of the GI formulation is isomorphic to
the closure of the space of the GNI formulation Hχ2,λ′,ψo , and also cannot be further decomposed.
18As stressed in Ref.[6b] within the path-integral formalism, this isomorphism only is implemented
on full quantum level where the integration over Aµ has also been performed. The isomorphism
expressed by the identity (3.26) does not exist on the level where Aµ is an external field.
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with ✷Λ = 0, and which are implementable on the Hilbert space H
α
. The corresponding
charge generators are obtained as weak limits of the above charges and the unitary operators
T
α
[Λ] = e−i
√
π
g
Q
α
[Λ] (3.36)
implement the local gauge transformations. Since we are dealing with an anomalous theory,
the field algebra ℑ
GNI
(ℑ
GI
) is a singlet under local gauge transformations generated by
the operator T
GNI
[Λ] ∈ ℑ
GNI
(T
GI
[Λ] ∈ ℑ
GI
). In view of Eqs.(3.17-18), we can consider
the field algebra ℑ
GI
as a field subalgebra of ℑ
GNI
⊃ ℑ
GI
such that the operator T
GNI
[Λ]
implements the local c-number extended gauge transformations:
T
GNI
[Λ]ψ
GI
(x) T −1
GNI
[Λ] = e 2 i
√
πΛ(x) ψ
GI
(x) , (3.37a)
T
GNI
[Λ]Aµ
GI
(x) T −1
GNI
[Λ] = Aµ
GI
(x) +
√
π
g
∂ µΛ(x) , (3.37b)
T
GNI
[Λ] θ(x) T −1
GNI
[Λ] = θ(x) − Λ(x) , (3.37c)
T
GNI
[Λ]ψ
GNI
(x) T −1
GNI
[Λ] = ψ
GNI
(x) , (3.37d)
T
GNI
[Λ]Aµ
GNI
(x) T −1
GNI
[Λ] = Aµ
GNI
(x) , (3.37e)
and similarly for the operator T
GI
[Λ] (with Λ → −Λ in the analog of the transformation
(3.37c)), under which the field algebra ℑ
GI
is a singlet.
From Eq. (3.27c) we see that the generator that is implementable in both GNI and GI
Hilbert spaces is obtained as weak limit of the local charge operator constructed from the
WZ current J µ
WZ
which, in view of Eq.(3.14), can be written as
Q
WZ
= Q
GI
− Q
GNI
. (3.38)
In the “embedded” formulation of the anomalous model the local gauge invariance is
recovered at the quantum level, meaning that there exists an unitary operator
T
WZ
[Λ] = e−i
√
π
g
Q
WZ
[Λ] (3.39)
which implements the extended local gauge transformations
T
WZ
[Λ]ψ
α
(x) T −1
WZ
[Λ] = e± 2 i
√
πΛ(x) ψ
α
(x) , (3.40a)
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T
WZ
[Λ]Aµ
α
(x) T −1
WZ
[Λ] = Aµ
α
(x) ±
√
π
g
∂ µΛ(x) , (3.40b)
T
WZ
[Λ] θ(x) T −1
WZ
[Λ] = θ(x) + 2Λ(x) , (3.40c)
with α standing for GNI and GI field operators, respectively. The local gauge invariance
manifests itself by the existence of the generator Q
WZ
under whose action the isomorphic
intrinsic local field algebras ℑ
GNI
and ℑ
GI
are not singlets.
Contrary to what happens in the VSM [15], the CSM is not a confining gauge theory
and, due to the absence of spurious vacuum raising operators belonging to the intrinsic field
algebra, the model does not exhibit a topological vacuum structure.
IV. CONCLUSIONS
A careful analysis of some basic structural properties of the anomalous CSM in the
isomorphic GNI and GI operator formulations was performed. In our treatment we only
use the intrinsic field algebra generated from the irreducible set of field operators of the
theory in order to construct the Hilbert space associated with the Wightman functions that
define the model. By relaxing this careful control on the construction of the Hilbert space of
the theory one may carry along a lot of superfluous states and some misleading conclusions
may arise.
A peculiar feature of the CSM which differs from the vector case is the fact that the cluster
decomposition property is not violated for Wightman functions that are representations
of the field algebra ℑ generated from the irreducible set of field operators { ψ¯, ψ,Aµ }.
The need of the Θ-vacuum parametrization and the equivalence of the CSM defined for
a = 2 and the VSM, only emerge due to an improper factorization of the closure of the
Hilbert space H which defines the representation of the intrinsic field algebra ℑ. The main
results of Refs.[9,10] cannot be regarded as structural properties of the CSM since they are
consequences of the use of a redundant field algebra belonging to the external algebra ℑB
rather than on the use of the intrinsic field algebra ℑ which defines the model.
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